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Abstract 
A graph is said to be claw-free if it does not contain an induced subgraph isomorphic to KI,3. 
Let k be a positive integer. Our main result is as follows: If G is a claw-free graph of order at 
least 3k and d(x) + d(y)>~3k + 1 for every pair of non-adjacent vertices x and y of G, then 
G contains k vertex-disjoint triangles unless either k is odd and G is one exceptional graph of 
order 3k+ 1, or k is 1 and G is the union of vertex-disjoint cycles of length at least 4. ~) 1998 
Elsevier Science B.V. All rights reserved 
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1. Introduction 
Let k be a positive integer and G a graph of order n/> 3k. Corr~di and Hajnal [2] 
investigated the maximum number of vertex-disjoint cycles in a graph. They proved 
that if G is a graph of order at least 3k with minimum degree at least 2k, then 
G contains k vertex-disjoint cycles. In particular, when the order of  G is exactly 3k, 
then G contains k vertex-disjoint triangles. A generalization of this result is given 
in [11], i.e., if d(x)+ d(y)>>,4k- 1 for each pair of non-adjacent vertices x and y 
of G, then G contains k vertex-disjoint cycles. In this paper, we discuss a similar 
problem in claw-free graphs. A graph is said to be claw-free if it does not contain an 
induced subgraph isomorphic to KI,3. Claw-free graphs have been investigated much in 
Hamiltonian graph theory. For some results on this topic, see [5-7, 12]. Las Vergnas 
[4] and Sumner [8] proved that a connected claw-free graph of order 2k contains a 
perfect matching, i.e., k vertex-disjoint copies of K2. A natural question would be: 
When does a claw-free graph contain k vertex-disjoint triangles? Let G be a claw-free 
graph of order n. Clearly, every vertex of degree at least 3 in G is contained in a 
triangle. So it is easy to show that when the minimum degree is at least 3 and n is 
sufficiently large (for instance, it suffices to take n>18(k -  1)), then G contains k 
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vertex-disjoint triangles. However, when n is close to 3k, this is far from the truth. 
To see this, we construct the following graphs. 
If k is odd, let F3k+l be a graph of order 3k + 1 obtained from two vertex-disjoint 
copies K p and K" of K(3k+l)/2 such that the vertices of K ~ are matched with those of K" 
by (3k+ 1 )/2 independent edges. Clearly, 6(F3k+1 ) = (3k+ 1 )/2 and d(x)+d(y) = 3k+ 1 
for each pair of non-adjacent vertices x and y ofF3k+l. Furthermore, when k > 1, let F3k 
be a graph of order 3k obtained from the vertex-disjoint union of K(3k-5~/2 and K(3k+5)/2 
such that (3k -  5)/2 vertices of Kok+s)/2 are matched with the vertices of Kok_5)/2 by 
(3k -  5)/2 independent edges and the remaining five vertices of K~3k+5)/2 are adjacent 
to a fixed vertex of K(3k-5~/2. Clearly, 6(F3k)=(3k- 5)/2 and d(x)+d(y)>>.3k for 
each pair of non-adjacent vertices x and y of F3k. 
If k is even, let F3k be a graph of order 3k obtained from the vertex-disjoint u ion of 
K3k/2-1 and K3k/2+l such that 3k/2- 1 vertices of K3k/2+l are matched with the vertices 
of K3k/2-1 by 3k/2- 1 independent edges and the remaining two vertices of K3k/2+1 are 
adjacent to a fixed vertex of K3k/2-1. Clearly, 6(F3k)= 3k/2- 1 and d(x)+ d(y)>~3k 
for each pair of non-adjacent vertices x and y of F3k. 
It is easy to see that neither F3k+l nor F3k contains k vertex-disjoint triangles. 
In this paper, the following theorem is our main result. 
Theorem 1. Let k be a positive integer and G a claw-free graph of order at least 
3k. Suppose that d(x) + d(y) >>, 3k + 1 for every pair of non-adjacent vertices x and
y of G. Then G contains k vertex-disjoint triangles, unless either k is odd and G is 
isomorphic to F3k+l, or k is 1 and G is the union of vertex-disjoint cycles of length 
at least 4. 
In Section 4, we consider Kl,t-free graphs containing k vertex-disjoint triangles. 
A Kl,t-free graph is a graph with no induced subgraphs isomorphic to gl,t. It seems 
generally very hard to determine the smallest integer h(6, t,k) such that every Kt,t-free 
graph of order greater than h(f,t,k) and with minimum degree at least 6 contains k 
vertex-disjoint triangles. Let r(3, t) be the Ramsey number such that every graph of 
order at least r(3,t) contains either a triangle or t independent vertices. In Section 4, 
we provide an upper bound on h(6, t, k), proving the following result. 
Theorem 2. For any integers 6 >~ t >~ 3 and k >~ 1, 
h(6, t,k)<<. 
3(k - 1)(r(3, t) + ~5 - t) 
~5- t+ 1 
We discuss only finite simple graphs and use standard terminology and notation from 
[1] except as indicated. Let G be a graph. We use e(G) to denote the number of edges 
of G. For a vertex u E V(G) and a subgraph H of G, N(u,H) is the set of neighbors 
of u contained in H, i.e., N(u,H)=N(u)N V(H). We let d(u,H)= ]N(u,H)I. Thus, 
d(u, G) is the degree of u in G. For a subset U of V(G), G[U] denotes the subgraph 
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of G induced by U. When U= {XI,X 2 . . . . .  Xt}, we may also use G[xl,x2 .... ,xt] to 
denote G[(xl,x2,...,xt}]. I f  there is no confusion, we use [U] for G[U]. If S is a set 
of subgraphs of G, we write G _D S. We shall use inK3 to represent a set of m vertex- 
disjoint triangles. For two vertex-disjoint subgraphs G1 and G2 of G, e(G1,G2) is the 
number of edges of G between G1 and G2. Clearly, e(Gl, G2)= ~xEV(G,)d(x, G2). 
The length of a cycle C is denoted by l(C). 
2. Lemmas 
In the following, G=(V,E) is a claw-free graph of order n~>3. 
Lemma 2.1. Let T be a triangle and let x and y be two distinct vertices in G such 
that {x, y } c V - V(T), xy qd E and d(x, T) + d(y, T) >>. 4. Then V(T) C N(x) U N(y). 
Moreover, if d(x,T)>~2 then there xists zE V(T) such that yzEE and T -z+x is 
a triangle. 
Proof. As d(x, T) + d(y, T) >14, there exists a vertex u E N(x, T) fq N(y, T). For each 
v E V(T) - {u}, we have either xv E E or yv E E since [u,x, y, v] ~ K1,3. Hence, V(T) C_ 
N(x)UN(y), from which the lemma follows. [] 
Lemma 2.2. Let T be a triangle and {x, y,u, v} a set of four distinct vertices in G 
such that {x,y,u,v}C V - V(T), {xy, uv}CE and d(x,T) + ct(y,T) + d(u,T)+ 
d(v,T)>~7. Then [V(T)U{x,y,u,v}] contains two vertex-disjoint cycles, unless 
e(xy, uv) --- O, and either d(x, T) + d(y, T) = 1 or d(u, T) + d(v, T) = 1. 
Proof. Let T=ala2a3at, Z= {x, y,u,v} and H=[V(T)UZ]. Suppose that H does 
not contain two vertex-disjoint cycles. As Y~zcZ d(z, T)~> 7, there exists ai,  say ai = al, 
such that d(al,T)>~3. W.l.o.g., say {x,y,u}C_N(al). Then e(uv, a2a3)<~l for 
otherwise [u,v, az,a3] contains a cycle which is vertex-disjoint from alxyal. Hence, 
d(x, T) + d(y, T)~>4 as Y~z~z d(z, T)~>7. W.l.o.g., say d(x, T)>~d(y, T) and xa2 EE. 
First, assume d(x,T)=2. Then d(x,T)+ d(y,T)=4. It follows that d(u,T)+ 
d(v, T) = 3, d(y, T) --2 and val E E. Thus, ya2 (dE for otherwise H ~ 2K3 = {aluval, 
a2xya2}, and therefore ya3 EE. Then aluval is vertex-disjoint from xya3a2x, a con- 
tradiction. 
Next, suppose d(x, T) = 3. If d(y, uv) > 0, then [y, al, u, v] contains a cycle which is 
vertex-disjoint from xa2a3x, a contradiction. Hence, d(y, uv)--0. I f  d(y, T)=3, it is 
easy to see that H contains two vertex-disjoint cycles unless d(u, T) + d(v, T) = 1 and 
e(xy, uv)=O. Hence, we may assume d(y, T)<3,  say a2yf[E. As [al,y, a2,u] 76K1,3, 
we have a2uEE. Thus, ya3f[E for otherwise H22K3={xya3x, uala2u}. So 
e(uv, T)>>.3. As e(uv, a2a3)<,G1, we have alVEE. Then HD2K3= {aluval, 
xa2a3x}. [] 
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Note that as a consequence of Lemma 2.2, [V(T)t.J{x,y,u,v}] contains a 
triangle T' and a path P of length 3 such that V(T ~) M V(P) = ~. 
Lemma 2.3. Let C be a cycle and T a triangle in G such that V(C)fq V(T)= 0 and 
l(C)~>4. Suppose (C,T)>~6. Then [V(CU T)] contains a cycle C' and a triangle T' 
such that I(C')<I(C) and V(C')M V(T ' )=0,  unless e(C,T)=6 and C has an edge 
xy such that d(x, T) = d(y, T) = 3. 
Proof. Suppose that [V(CU T)] does not contain a cycle C I and a triangle T I such 
that l(C')<l(C) and V(C')A V(T' )=0.  Then C does not have a chord in G. Let 
C = xlx2...XtXl with t/>4 and T = ala2a3al. 
First, suppose that there exists a;, say ai =a l ,  such that al is adjacent o two 
non-adjacent vertices of C, say xl and xi. As [al,xt,xi, a2]~:K1,3, either xla2 EE 
or xia2EE, say xla2EE. As [xl,al,x2,xt]¢Ki,3, either x2alEE or xtalEE, say 
x2a~ EE. If xla3 EE, then C1 =x2x3...xialx2 is vertex-disjoint from xla2a3xl with 
I(C1)<I(C), a contradiction. So xla3~E. Thus, xia3EE as [al,xl,xi, a3]~Kl,3. As 
[xl,x2,xt, a2]~K1,3, xra2EE for some xrE{x2,xt}. Hence, [V(CUT)]D2K3= 
{Xra2XlXr, a3alxia3}, a contradiction. This argument shows that for each ai, d(ai, C)<~2 
and if d(ai, C) = 2 then ai is adjacent to two consecutive rtices of C. 
So we obtain d(ai, C)=2 for every iE{1,2,3} as e(C,T)>~6. Hence, we have 
N(ai, C)MN(aj, C)#O for all {i,j}C_{1,2,3} for otherwise [V(Ct_JT)]~_2K3. We 
may assume w.l.o.g, that N(al,C)={Xl,X2} and XlEN(a2,C). If a2xtEE, then 
a3x2¢E and a3xtf[E for otherwise [al,a2,a3,xbx2,xt]~_2K3, and consequently, 
N ( a3, C) f'l N ( al , C) = 0, a contradiction. Hence, xta2 ¢ E and x2a2 E E, i.e., N ( al , C) = 
N(a2,C). Similarly, we must have N(a3,C)=N(al,C). This proves the lemma. [] 
3. Proof of Theorem 1 
Let k be a positive integer and G=(V,E) a claw-free graph of order n>~3k such 
that d(x)+d(y)>~3k+ 1 for each pair of non-adjacent vertices x and y of G. Suppose 
that G does not contain k vertex-disjoint triangles. It is easy to see that, if k = 1, then 
every component of G is a cycle of length at least 4. Hence, we may assume k t> 2. 
We shall prove that k is odd and G is isomorphic to Fak+l. Let s be the greatest 
integer in { 1,2 . . . . .  k - 1 } such that G contains vertex-disjoint triangles. We choose 
s vertex-disjoint triangles /'1, T2 . . . . .  Ts such that 
e(G-  V (iU=l Ti] ) is maximum. (1) 
Let H= Uis__l Ti and D=G - V(H). For each iE{1,2 . . . . .  s}, let H i= b]=i+l Tj. 
V i and Gi=[V(D)tJ (U~=l Tj)]. As G ~ (s + 1)K3, D ~K3 and therefore A(D)~<2. 
Moreover, for every iE {1,2 ..... s}, Gi 7~ (i + 1)K3. Let T1 =ala2a3al, T2=blb2b3bl 
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and T3 =¢1c2¢3el.  We claim 
D contains a path of length at least 2. (2) 
Proof of (2). Suppose (2) is false. Then A(D)~<I. Let Xl,X2 and x3 be three distinct 
vertices in D such that if e(D)>0,  then XlXl EE. Then XlX3 ~E and xzx3 ~E. 
First, suppose d(x3,D) = 1. Let x3x4 E (D). Then ~=1 d(xj,H) >16k+2-4 --= 6(k -  
4. This implies that there exists Ti in H such that y~'~4=1 d(xj, Ti)>~7. By Lemma 1) + 
2.2, [V(Ti)t.J {Xl,X2,X3,X4}] contains a triangle T: and a path P' of length 3 such that 
V(T:)N V(P')=O. Clearly, e([V(Dt_J P') - {Xl,X2,X3,X4}])>e(D), contradicting (1). 
Next, suppose d(x3,D)=0. Then d(xl ,H) + d(x3,H)>~3k + 1 - 1 =3(k - 1) + 3. 
This implies that there exists Ti in H, say Ti = Tl, such that d(Xl, T1 )+ d(x3, T1 )>14. 
If d(x3, Tl )>/2, then by Lemma 2.1, there exists ai such that aixl E E and T-  ai + x3 
is a triangle. Clearly, e (D - x3 + ai) > e (D), contradicting ( 1 ). Hence, d(x3, T1 ) = 1 and 
d(xl, T1 ) = 3. Say x3al E E. Clearly, d(x2, Gl ) + d(x3, G1 ) ~< 5, and therefore d(x2, H1 ) + 
d(x3,H1)>>.3k + 1 - 5 =3(k - 2) + 2. This implies that there exists Ti in /-/1, say 
Ti = T2, such that d(x2, T2) + d(x3, T2 ) >~ 4. As before, we must have d(x2, T2) = 3 and 
d(x3,/'2) = 1. Say x3bl E E. Then T1-al  +xl and/ '2 -  bl +x2 are two triangles. Clearly, 
e(D-  xl - x2 + al + b l )>e(D)  as {alx3,blX3} C_E, contradicting (1) again. So (2) 
holds. 
We divide the proof of the theorem into the following two parts. 
Part I. ]V(D)] =3.  
In this part, we have s=k - 1. By (2), D is a path of length 2. We intro- 
duce the following terminology and notation. A feasible chain in G is a sequence 
(C0,C1 . . . . .  Ck-1) of vertex-disjoint subgraphs of G such that C1,C2,...,Ck-1 are tri- 
angles and Co is a path of length 2. In this case, if u and v are the two endver- 
tices of Co, we define f(Co, Ct, . . . ,Ck_l)=max{d(u,  Ci) + d(v,G)] l <~i<~k - 1) 
and o(Co, Cl . . . . .  Ck- l)=max{e(Co, Ci)ld(u, CD + d(v, Ci )=f(Co,  Cl ..... Ck-l), 
l~<;~<k- 1). 
Subject o (1), we choose 1"1,7"2 . . . . .  Tk-1 and D such that 
f ( D, 1"1, T2 ..... Tk-1 ) is maximum. (3) 
Subject o (1) and (3), we further choose TI,Tz,...,Tg_I and D such that 
9(D, 7"1, T2 ..... Tk-i ) is maximum. (4) 
For brevity, set a = (D, T1, T2 . . . . .  Tk- 1 ). Let D =- XlX2X3. As d(xl ) + d(x3 ) >t 3k + 1, 
we have f(a)~>4. We may assume w.l.o.g, that f (~)=d(x l ,T l )+  d(x3, T1) and 
9(a) = d(Xl, 1"1 ) + d(x2,1"1 ) + d(x3, I"1 ). We break into the following three cases. 
Case 1: f(~)~>5, i.e., d(xl,T1) + d(xa, T1)>>.5. W.l.o.g., say d(xl ,T1)=3 and 
{al,a3} C_N(x3). As G1 ~ 2/£3, it is easy to see 
d(x2, T~ ) = 0. (5) 
Clearly, d(xz, G1) + d(a2,G1)<.6, and so d(x2,H1) + d(a2,Hl)>~3k + 1 - 6= 
3(k - 2) + 1. This implies that there exists Ti in HI, say T,=T2, such that 
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d(x2, T2) + d(a2,/'2) ~> 4. If d(a2, T2)/> 2, then by Lemma 2.1, there exists b i such that 
T2 - bi -k- a2 is a triangle and x2biEE. As [x2,xl,x3,bi]~gl,3, either XlbiEE or 
x3bi EE. If Xlbi CE, then G2 _D 3K3 = {XlbiX2Xl, TI - a2 + x3, T2 - bi -q- a2}, and if 
x3bi EE, then G2 ~ 3K3 = {x3bix2x3, T1 - a2 +Xl, T2 - bi -Jr a2}, a contradiction. Hence, 
d(a2, T2)= 1 and d(xE, T2)=3. (6) 
Say a2bl E E. We claim 
d(xl, T2)=O, d(x3, T2)=3, d(x3, Tl)----2 and d(bl ,T1)=l .  (7) 
Proof of (7). We have xlbl f[E for otherwise G2 D3K3 ={Xlbla2Xl,T1 - a2 q- x3, 
/ '2 -  bl +x2}. Thus, blx3EE as [x2,x1,x3,b1]¢K1,3. Then avx3f[E for otherwise 
G2 D 3K3 = {blavx3bb T1 - a2 +Xl, T2 - bl +x2}. Hence, for each i E {2, 3}, x3bi EE as 
[bl,x3,az, bi]¢K~,3. It is easy to see that, if d(xa,T2)>O, then [V(DUT2)]D_2K3 
and therefore G2_D3K3, a contradiction. Hence, d(xl,T2)=O. If d(bl,Tl)>~2, say 
w.l.o.g, blal EE, then G2 _D 3K3 = {blalX3bl, T1 - al +Xl, T2 - bL +x2}, a contradiction. 
Hence, d(bl, T1) = 1. So (7) holds. 
By (7), d(x l ,G2)+ d(bl,G2)=9, and so d(xl,H2)+d(bl,H2)>~3k + 1-  9-- 
3(k - 3) + 1. This implies that there exists T,- in/-/2, say T/= T3, such that d(x~, T3) + 
d(bl, T3)~>4. Assume first that d(bl, T3)~>2. Then by Lemma 2.1, there exists ci, say 
ci=cl,  such that ClX 1 E and 7'3 - -e l  +b~ is a triangle. As [Xl,X2,a2,cl]#K1,3, either 
X2Cl EE or a2cl EE. If ClX2 EE then G3 _D4K3-~{XlClX2Xl,T1,T2-blWxa, T3-clWbl}, 
and if cl a2 E E then G3 _D 4K3 -- {Xl Cl a2xl, T1 -a2 -k-x3, T2 -b l  +x2, T3 -Cl +bl }, a contra- 
diction. Hence, d(bl,T3)= 1 and d(xl,T3)=3. Say Clbl E E. As [bl,x2,a2,cl]~Kl,3, 
either clx2 EE or cla2 EE. If ClX2 EE then G3 _D4K3 = {X2ClblX2, T1,T2 - bl q- X3, 
7"3 -- Cl + xl }, and if cl a2 E E then G3 D 4K3 = {Cl bl a2cl, T1 - a2 + x3, T2 - bl + x2, 
T3 -c t  + Xl}, a contradiction. 
Case 2: f ( t r )=4 and d(xbTl)=d(x3,  T1)=2. By Lemma 2.1, V(T1)C_N(xl)U 
N(x3). W.l.o.g., we may assume 
N(xl ,Ta)={al,a2} and N(x3, T1)={al,a3}. (8) 
As G1 ~ 2K3, we see 
x:a2 f[E and x2a3 fIE. (9) 
Clearly, d(x2, G1) + d(a3,G1)<~6, and so d(x2,Ha) + d(a3,H1)>~3k + 1 - 6-- 
3(k - 2) + 1. This implies that there exists Ti in//1, say T/= T2, such that d(x:, T2) + 
d(a3,/'2) t>4. Let cr 1 = (x2x3a3, T1 - a3 +Xl, T2 .. . . .  Tk-1 ). Clearly, trl is a feasible chain 
and f(trl)~>4. By (3), 4=f(a)>~f(tr l)>~4. Hence, 
d(x2, T2) + d(a3, Tz ) = 4. (10) 
We consider the following two subcases: d(x2, T2)~>2 or d(x2, T2)= 1. 
Subcase 2.1: d(x2, Tz)>~2. By Lemma 2.1, there exists bi, say bi=b2, such that 
1"2- b2 +x2 is a triangle and b2a3EE. As [a3,a2,x3,b2]¢K1,3, either b2x3EE or 
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b~a~  E. If b2x3 ~ E, then G2 ~ 3/£3 = {b2a3x3b2, T1 - a3 -.b Xl, T2 - b2 -F x2}, a con- 
tradiction. Hence, bzx3f[E and a2bzEE. Then b2xl f[E for otherwise G2_~3K3= 
{Xl b2azxl, 1"1 - a2 +x3, T2 - b2 q-x2 }. Hence, bzxz f[E for otherwise [x2, x~, x3, bz] = K~. 3. 
Together with (10), this shows 
d(b2,D)=O, N(x2,/'2)= {b~,b3} and d(a3, T2)----2. (11) 
Say N(a3,/'2) = {b~, b~ }. Then x363 ~[ E for otherwise G2 _~ 3K3 -- {x2x363x2, T1-a3 q- 
x~, T2 - b3 + a3}. Therefore, 
N(x3, T2) C {bl} and d(x3, G2)~<4. (12) 
By (11), d(b2, G2)<~5. With (12), we obtain d(x3,nz)q-d(b2,H2)>>,3k + 1 -9= 
3(k - 3) + 1. This implies that there exists Ti in //2, say Ti=T3, such that 
d(b2,/3) + d(x3,/3)/>4. 
First, suppose d(b2, T3)>~2. By Lemma 2.1, there exists ci, say ci=cl,  such that 
T3-cl+b2 is a triangle and X3Cl EE. As [x3,cl,a3,x2] ~KI,3 and x2a3 ~[E by (9), either 
clxz E E or cla3 E E. If cla3 E E, then G3 ~ 4K4 ---- {x3a3ClX3, T1 - a3 + Xh T2 - b2 + Xz, 
T3 - cl + b2 }, a contradiction. Hence, cl a3 ~ E and c lxz C E. As [x2, x l, x3, b3 ] ¢ K1,3 and 
x3b3 q~E by (12), we have Xlb3 EE. Then Xlbl fIE for otherwise G3 _~4K3 ={clx2x3cl, 
T1,Tz - b2 +xl,T3 - -  Cl +b2}.  Hence, blX3 EE as  [x2,xl,x3,bl]~K1, 3. Then g(trl)>~5 
as e(x2x3a3, T2)>~5. Since g(tr)>~9(al) by (4), we have d(x2, T1)>O and therefore 
xzal EE by (9). We also have Clbl ([E for otherwise G3 _D4K3 = {X3blclx3, Tl,b3x2xlb3, 
T3-  cl +b2}. Hence, xlcl CE as [x2,xl,Cl,bl]7~K1,3. If cla2EE, then G3 24K3= 
{Xla2Clxl,T1 - a2 + x3, T2 - b2 + x2, T3 - Cl + b2), and if clb3 EE then G3 _D4K3 = 
{xlb3clxl, Tl,x2blx3x2, T3 - Cl + b2}, a contradiction. Hence, cla2 flE and clb3 ~E, 
and therefore a263 EE as [xl,a2,b3,Cl] ¢K1,3. Then G2 _~ 3/('3 = {Xlb3a2xl,x2alx3x2, 
T2 - b3 -q- a3 }, a contradiction. 
Subcase 2.2: d(x2, T2)= 1 and d(a3, T2)=3. Say X2bl E E. Then x3bl ([E for other- 
wise G2 _~ 3K3 = {X2blX3X2, Tt - a3 + xl, 1"2 - bl + a3}. Thus, xlb I E E and a2bl E E as 
[x2,xl,X3,bl] ¢K1,3 and [a3,x3,a2,bl] ¢K1,3. Then x2at q{E for otherwise G2 _~ 3K3 = 
{x2alx3x2,xla2blxl,/'2 - bl + a3 }. So d(x2, 7"1 ) = 0 by (9). Hence, f(tr)  = g(tr) -- 4. By 
(3) and (4), 4 = g(a)~> g(trl )>~f(al )=  4. It follows that d(x3, T2)= 0. Hence, for each 
i E {2, 3}, a2bi E E as [a3,a2, hi,x3] ~ K1,3. Thus, G2 _~ 3K3 ----- {blXlX2bl, TI - a2 + x3, 
T2 - bl ÷ a2}. 
Case 3: f (a )=4 and either d (x l ,T l )= l  or d(x3, T1)=l .  W.l.o.g., say that 
d(x l ,T l )=3 and x3al EE. Clearly, x2al fIE as G1 ~ 2K3. We consider the follow- 
ing two subcases: d(x2, T1 ) > 0 or d(x2, TI ) = O. 
Subcase 3.1: d(x2, /'1 ) > 0. Say x2a2 E E. Clearly, d(x3, G1 ) + d(a3, G1 ) ~< 6, and so 
d(x3, H1 ) q- d(a3, H1 )/> 3k + 1 - 6 = 3(k - 2) + 1. This implies that there exists Ti in Hi, 
say T/----/'2, such that d(x3, T2) + d(a3,/'2) ~> 4. If d(a3,/'2) >/2, then by Lemma 2.1, 
there exists bi, say bi--bl, such that T2 - bl + a3 is a triangle and blX3 E E. As 
Ix3, bl, al,x2] ¢ KI,3, either blx2 C E or blal E E. If blx2 E E then G2 _~ 3K3 = {blx2x3bl, 
T1 - a3 + xl,T2 - bl + a3}, and if blal ~E then G~ D_3K3={bla~x3bl,a2x~x2a~, 
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T2 - bl + a3}, a contradiction. Hence, 
d(x3, T2) = 3 and d(a3, T2) = 1. 
Say bla3 EE. We claim 
d(al,T2)=O, d(bl,T1)=l, d(x2, T2)=3, 
(13) 
Xlbl (dE and x2a3 (dE. (14) 
Proof of (14). First, albl (dE for otherwise G2 _D 3/(3 = {albla3al,XlX2a2xl, T2 - bl + 
x3}. Then x2b 1 EE as [x3,al,bl,x2] #KI,3. Consequently, Xlbl (dE for otherwise G2 _~ 
3/(3 = {XlX2blXl, T1, T2 - bl + X3}. Then a2bl (dE for otherwise G2 ~ 3K3 -- {a2blx2a2, 
Tl - a2 +Xl,T2 - bl +x3}. Similarly, x2a3 (dE. Then for each iE {2,3}, x2bi EE as 
[bl,x2,a3,bi] ¢K1,3. Therefore, for each i E {2,3}, albi (dE for otherwise G2 _~ 3/(3 = 
{albiX3al, T1 - al +Xh T2 - bi +x2}. So (14) holds. 
By (14), we have d(al,G2)+d(bl,G2)=9, and therefore d(al,H2)+d(bl,H2)>~ 
3k + 1 -9=3(k -  3 )+ 1. This implies that there exists T,- in / /2 ,  say T,. = T3, such 
that d(al, 1"3) + d(bl, T3) >>- 4. 
First, assume d(al,T3)>~2. Then by Lemma 2.1, there exists ci, say ci=cl, such 
that T3 -c l  +a l  is a triangle and blCl EE. As [bl,cl,a3,x2] ¢K1,3, either cla3 EE or 
ClX2 E E. I f  Cla 3 ~_ E then G3 _D 4K3 --= {blCla3bl, a2xlx2a2, T2 - bl + x3, T3 - Cl + al }, 
and if ClX2 E E then G3 _D 4K3 = {clx2bl Cl,/'1 - al -t-Xl, T2 - bl -{-x3, T3 - Cl q- al }, a con- 
tradiction. Hence, d(al,T3)= 1 and d(bl,T3)=3. Say alcl EE. Then either cla3 EE 
or ClX 3 EE  as [al,Cl,X3,a3]7~Kl,3. I f  ClX3 EE  then G3 _D4K3 = {alclx3al,Tl -a i  +Xl, 
T2-  bl + x2, T3 -  cl + bl}, and if c la3EE then G3~_4K3={ala3Clal,a2xlx2a2, 
T2 - bl + x3, T3 - cl + bl }, a contradiction. 
Subcase 3.2: d(x2, TI) = 0. In this subcase, 0(a) = f ( t r )  = 4. We have d(x2, G1 ) + 
d(al,G1)=6, and therefore d(x2,H1) + d(al,H1)>~3k + 1 - 6=3(k  - 2) + 1. This 
implies that there exists Ti in/-/1, say Ti = T2, such that d(x2,T2)+ d(al,T2)>~4. Let 
a2 = (x2x3al, T1 - al + xl, T2 . . . . .  Tk- 1 ). Then tr2 is a feasible chain with f(tr2) ~> 4. By 
(4), 4=#(tr)>>.O(a2)>~f(a2)>>.4. It follows 
d(x2, T2) + d(al, T2) = 4 and d(x3, T2) = 0. (15) 
I f  d(x2, T2)=2=d(al,T2), we may apply the proof of Case 2 to a2. Therefore, 
we may assume either d(x2,1"2) = 1 or d(al, T2) = 1. We break into the following two 
situations. 
Subcase 3.2(a): d(x2,/'2) --- 1 and d(ah T2) = 3. Say x2bl E E. For each x E {xl, a2, a3 } 
and yE{bl,b2,b3}, as [al,x3,x,y]#Kl,3 and by (15), we have xyEE. Thus, we 
obtain 
d(xl, T2) --- 3 and d(a2, T2) --- d(a3, T2) = 3. (16) 
By (15) and (16), d(x3, G2) + d(b~,G2)=9, and therefore d(x3,H2) + d(b1,H2)>/ 
3k + 1 -9=3(k -  3 )+ 1. This implies that there exists T, in /-/2, say T,- = T3, such 
that d(x3, T3) + d(bl,T3)>>.4. Let a3 =(x3x2bbT2 - bl + XhThT3 ..... Tk-1). As be- 
fore, by (3) and (4), we must have d(x3,T3)+ d(bl,T3)=4 and d(x2, T3)=O. I f  
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d(x3,/'3 ) = d(bl, T3) = 2, then we apply the proof of Case 2 to tr3. So either d(x3, T3 ) = 1 
or d(bl, T3) = 1. 
First, suppose d(x3, T3)=3 and d(bl,T3)=l, say blclEE. Then for each 
i E {2, 3}, Clbi E E as [bl, Cl ,X2, bi] ~ K1,3, and so G3 _~ 4K3 = {blXlX2bl, T1, T2 -b l  + C1, 
/'3 - Cl + x3}, a contradiction. 
Next, suppose d(x3,T3)=l and d(bbT3)=3, say x3elEE. Then for each 
xE {al,bE, b3} and yE (Cl,C2,C3}, xyEE as [bl,x, x2,y] ~K1,3, and so G3 _~4K3--- 
{alX3Clal, blXlX2bl, TI - al d- b2, I"3 - Cl + b3}, a contradiction. 
Subcase 3.2(b): d(xE, T2)=3 and d(al,T2)=l. Say alblEE. For each 
x E {xl, a2, a3 }, as [al, bl, x, x3 ] ¢ Kl,3 and x3 bl ~ E by (15), we have blx E E. Clearly, 
d(x3,G2) + d(bl,G2)=9, and therefore d(x3,H2) + d(bl,H2)>~3k + 1 - 9= 
3(k -3 )+ 1. This implies that there exists T,- in HE, say Ti=T3, such that d(x3, T3)+ 
d(bl,T3)>.4. Let tr4=(x3albl,T1 -a l  +xl,T2 -b l  +x2, T3 .. . . .  Tk-l). By (3) and (4), 
41>g(tr)>/g(tr4)>...4. Hence, d(x3, T3) + d(bl,T3)=4 and d(abT3)=O. If d(xa, T3)= 
d(bbT3)=2, we may apply the proof of Case 2 to tr4. So either d(x3, T3)= 1 or 
d( bb I"3) = 1. 
First, suppose d(bl,T3)=3 and d(x3, T3)=l, say X3Cl EE. For each iE {1,2,3}, as 
[bl,XE, ei, al] ~KI,3 and d(al,/'3) = 0, we have X2C i EE. Then xlci EE as  [XE,Xl,X3,Ci] 
¢KI,3 for each iE{2,3}. Hence, G3~_4K3={T1,T2, T3 -  Cl + xl,x2x3clx2}, a
contradiction. 
Next, suppose d(x3, T3)=3 and d(bbT3)=l, say clblEE. For each iE{2,3}, 
clbiEE since [bl,al,cl,bi]~Ki,3, d(al,T3)=O and d(abT2)= 1. Thus G3 _~4K3 = 
{xlx2blXl, 1"1, 7"2 - bt + cl, I"3 - Cl + x3}, a contradiction. This completes Part I. 
Part II. IV(D)I >/4. 
Our aim is to show that D is a cycle of length 4 and then prove that G is isomorphic 
to F3k+l. To do so, we first show the following two claims. 
Claim 1. There exists s vertex-disjoint triangles T(, T~ ..... T" such that G-V(Ui~l I"/) 
contains a cycle. 
Proof. Suppose, for a contradiction, that, for any choice of s vertex-disjoint triangles 
. . . ,  V $ T~, T~, T], G - ([..Ji=l T[) does not contain a cycle. By (2), we choose s vertex- 
. . , ,  ! V $ disjoint triangles T~, T~ in G such that G - (Ui=l T/') contains a path at least 2. 
Set H '= UiS=l T/ and D'= G-  V(H'). Clearly, A(D')~<2. 
First, suppose that D' has two independent edges. We choose two independent 
edges xy and uv such that d(x,D')--I. Moreover, if D' has a path of length 3 then 
yuEE. Then ~zezd(z,D')<<,7 where Z={x,y,u,v}, and therefore ~z~zd(z,H')>>. 
6k + 2 - 7 = 6(k - 1) + 1. This implies that there exists I"/ in H', say T[ = T(, 
such that ~z~zd(z,T()>~7. By Lemma 2.2, [Zt_J V(T()] contains a triangle T(' and a 
path P of length 3 with V(T(~)A V(P)=0.  Hence, we may assume that D ~ has a path 
of length 3. Therefore, yuEE.  By Lemma 2.2 again, [ZU V(T()] contains a triangle 
T~" and a cycle C with V(T(")M V(C)= 0, a contradiction. 
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Next, suppose that D t does not contain two independent edges. Let xlx2x3 be a path 
of D' and x4 C V(Dt)-{Xl,X2,X3}. Then d(x3,H')+d(x4,Ht)>>.3k+ 1 - 1 =3(k -  1)+3. 
This implies that there exists T/ in H', say T /= T(, such that d(x3, 7"[) + d(x4, T() ~> 4. 
By Lemma 2.1, [V(T()U{x3,x4}] contains a triangle T~' and a path P of length 1 
such that V(P)N V(T[')=0. Thus, D' - {x3,xa} + V(P) contains two independent 
edges, and then we can replace T[ by T(' to repeat he above argument. So the claim 
holds. [] 
Claim 2. D is a cycle of length 4. 
Proof. If D is of order 4, then by (1) and Claim 1, D must be a cycle. Hence, all 
we need is to prove that D is of order 4. To do so, we instead choose T1, T2 . . . . .  "Is 
such that D contains a smallest cycle. Let C=xlx2 ...xtxl be a smallest cycle in D. 
We have t~>4 as D does not contain a triangle. Set Xt+l =Xl and xt+2-2.  Then 
El=ld(xi,H)= ½ t >. Y]i=l(d(xi,H) + d(xi+2,H))~, lt(3k + 1 - 4) = 3t(k - 1). As k~>2, 
this implies that there exists T/ in H, say Ti = TI, such that t ~i=1 d(xi, T1) >t 3 t >~6. 
By Lemma 2.3 and the choice of D, we must have t = 4 and e(C, T1 )= 6. Furthermore, 
C has two consecutive rtices, say Xl and xz, such that d(Xl, 1"1 )= d(xz, T1)= 3. If 
D has another vertex xoCV(D) -  V(C), then d(xo, Tl)<~l for otherwise [V(T1)U 
{x0,xl,x2 }] D 2/(3. Thus, d(xo, GI ) + d(x3, GI ) ~< 5, and therefore d(xo, H1 ) + d(x3,1-11 ) >>, 
3k+ 1 - 5=3(k -2)+2.  This implies that there exists Ti in HI, say T/=T2, 
such that d(xo, T2) + d(x3, T2)/> 4. If d(xo, T2) ~> 2, then by Lemma 2.1, there ex- 
ists bi such that T2 - hi +Xo is a triangle and x3biEE. But [x3,bi,xz,x4]DK3 as 
[xa, bi,x2,x4 ] C Kl,3, a contradiction. So d(xo, Tz ) = 1 and d(x3, T2 ) = 3. Say XObl 6 E. 
Then we have d(x4, Gz) + d(xo, G2)~9, and so d(x4,H2) + d(xo, H2)>>.3k + 1 - 9= 
3(k -  3 )+ 1. This implies that there exists T, in//2, say T/= T3, such that d(x4,1"3) + 
d(xo, T3)>>.4. As before, we must have d(x4, T3)=3 and d(xo, T3)= 1, say xocl 6E. 
As [x3,x2,x4, bl] •K1,3, blXi EE for some i E {2,4}. As [bl,xi,xo, b2] ¢K1,3, xib2 E E. 
Similarly, xib3 E E, and so d(xi, T 2) = 3. Then d(xl, T2) = 0 for otherwise [{xb xi,x3 } t2 
V(T2)] D 2/£3. Hence, d(Xl, G3 ) ~< 8. If d(xo, D) > 0, say x~ E V(D) with X'oXo E E, then 
[Xo,X~, b l, c l ] contains a triangle T' as [xo, x~, b l, c l] ~ KL 3. Thus, G3 _D 4/£3 = { T', T1, T2 
-b l  + x3, T3 - cl + x4 }, a contradiction. Hence, d(xo, D) = 0. Then d(xo, G3 ) ~< 3, and 
d(xo,H3)+d(xl,H3)>>,3k+ 1-  11 = 3(k -4 )+2.  This implies that there exists T/ in//3, 
say Ti = T4, such that d(xo, T4)+ d(Xl,/4)/>4. As before, we must have d(xo, T4)= 1 
and d(xbT4)=3. Say Ta=u~u2u3ul and UlXo EE. Then as it is claw-free, [N(xo, G4)] 
contains a triangle T". Thus, G4 D 5K3 --- {T", "1"1, T2 -b l  +x3, T3 -Cl --~x4, ira -Ul +xl}, 
a contradiction. So Claim 2 holds. [] 
Let D=XlX2X3X4xl. Let r be the greatest integer in {1,2 . . . . .  s} such that there are r 
V r triangles in H, say iri, . . . . .  T#, such that Q = [V(D)U ([-l~=l Ttj)] contains two vertex- 
disjoint complete subgraphs Q1 and Q2 of order 3rl + 2 and 3r2 + 2, respectively, and 
rl + r2 = r. W.l.o.g., assume ir/j = T s. for all j E { 1,2,..., r}. Then Q = Gr. Clearly, 
from the proof of Claim 2, we see that r~> 1 and we may assume that V(Q1)_D V(T1) 
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and V(Q1 ) D_ {XI,X2}. Then V(Q2) _--_ {X3,X4}. It is easy to see that d(x, Q2) ~< 1 for each 
xE V(Q1) and d(y, Q1)<<,l for each yE V(Q2) for otherwise Gr D ( r+ 1)K3. It follows 
that, if r = k - 1, then rl = r2 and G ~ F3k+l since d(x) + d(y) ~> 3k + 1 for every pair 
of non-adjacent vertices x and y of G. 
So all we need is to show that r = k -  1. Suppose, for a contradiction, that r < k -  1. 
Clearly, ~i41 d(xi, Gr) = 6(rl + r2 + 1) + 2 = 6(r + 1) + 2. Then ~4=1 d(x~, Hr) >~ 6k + 
2 - 6(r + 1 ) - 2 = 6(k - r - 1 ). This implies that there exists Ti in Hr, say Ti = Tr+l, 
such that ~=1 d(xi, Tr+l ) >/6. Let x5 = Xl. By Lemma 2.3, since [ V(D U Tr+l )] ~ 2/£3, 
there exists i E { 1,2, 3, 4} such that d(xi, T~+l ) = 3 = d(xi+l, Tr+1 ) and d(x, T~+1 ) = 0 for 
x E V(D) - {xi,xi+l }. Say Tr+l = wlwZW3Wl. 
First, suppose {xi,xi+l } = {xl,x2}. Then for each x E V(Q1 ) -{xl ,x2} and i E {1,2, 3}, 
we have xwi EE  as [xl,x, wi,x4] ¢K1,3. Thus, [V(Ql U Tr+l)] is a complete subgraph, 
contradicting the maximality of r. So {xi,xi+l} -¢ {xl,x2}. Similarly, {xi,xi+l} ¢
{x3,x4}. Hence, we may assume w.l.o.g, that {xi,xi+l} = {Xl,X4}. 
It is easy to see that, if d(wl,Ql)>~2, then Q1 + Wl contains rl + 1 vertex-disjoint 
triangles and Q2 +w2 + w3 contains 1"2 + 1 vertex-disjoint triangle. And therefore Gr+l _ 
(r + 2)K3, a contradiction. Hence, d(wl, Q1 ) = 1. Similarly, we must have d(wi, Q j) = l 
for all i E { 1, 2, 3} and j G { 1,2}. Note that rl ~> 1. Then d(x3,Hr+l )+d(wl,Hr+~ ) >~ 3k+ 
1 - (3 rz+2) -4=3(k - r2 -2 )+ 1 >~3(k - r -2 )+4.  This implies that there exists Ti in 
Hr+l, say Ti = Tr+2, such that d(x3, Tr+z)Wd(wl,Tr+2)>~4. Let Tr+2 = YlY2Y3Yl. First, 
suppose that d(wl,Tr+2)>~2. Then by Lemma 2.1, there exists yi, say y i=y l ,  such 
that Tr+2 -Y l  + Wl is a triangle and ylx3 E E. As it is claw-free, [x3,xz,x4, Yl ] contains 
a triangle T'. Then [ V(D U Tr+I U Tr+2)] _D 3K3 = { T', Tr+2 - Yl + wl, T~+I - Wl + xl }, a 
contradiction. Hence, d(x3, Tr+2)= 3 and d(Wl, Tr+2)= 1, say wlyl EE. Then ylx4 f~E 
for otherwise [V(D U Tr+l U T~+2)] _D 3K3 = {WlYlX4Wl, Tr+l - Wl +xl, Tr+2 - Yl +x3}. 
Consequently, xzyl E E as [x3, yl,x2,x4] ¢K1,3. Furthermore, for each i E {2, 3}, we ob- 
tain xzyi E E as [yl, yi, x2, wl ] ¢ Kl,3. Thus, d(x2, T~+2) = d(x3, Tr+2) = 3. Similarly, we 
must have d(y~,Qj)= 1 for all i6  {1,2,3} and jE  {1,2}. Then we have d(x3,G~+2)+ 
d(wl, Gr+2) = 3r2-k- 10, and therefore d(x3, Hr+z)+d(wl,  Hr+2) >~ 3k+ 1 - 3r2 - 10 = 3(k -  
rz -3)>~3(k- r -3)+3.  This implies that there exists Ti in H~+2, say Ti = Tr+3, such that 
d(x3, Tr+3) + d(wl, T~+3) ~>4. As before, we must have d(wl, T~+3) = 1, d(x3, Tr+3) = 3 
and d(x2, T~+3)= 3. Say Tr+3 =zlz2z3zl and wlzl C E. As it is claw-free, [wl,xl, yl,Zl] 
contains a triangle T". Then [V(D t3 Tr+l t3 Tr+2 t3 Tr+3)] _D 4K3 = {T", Tr+l - wl + 
x4, T~+2 -Y l  + x2, Tr+3 -z~ + x3}, a contradiction. This shows r = k -  1, and therefore 
completes the proof of the theorem. 
4. Proof of Theorem 2 
Let G be a Kl,t-free graph of order n>(3(k -  1) ( r (3 , t )+6- t ) ) / ( f - t+  1). Suppose 
that the minimum degree of G is at least 6. Let s be the largest integer such that 
G contains s vertex-disjoint triangles I"1,1"2 ..... Ts. Clearly, s~>l as G is Kl,t-free. 
V s Ifs>~k, we have nothing to prove. So assume s<~k- 1. Let H=G-  (Ui=I Ti). Then 
244 H. Wang/Discrete Mathematics 187 (1998) 233-244 
H does not contain a triangle. As H is Kl,t-free, we see that d(x,H)<~t- 1 for all 
d s x6 V(H). Therefore, (x,[.Ji= l T~-)~>6-t+ 1 for all xE V(H). This implies that there 
exists a vertex x0 in Uis__l T,. such that 
d(xo, H)>>. (n - 3(k - 1))(t~ - t + 1) >r(3, t )  - 1. 
3(k - 1) 
As G is Kl,t-free, we see that N(xo,H) does not contain t independent vertices 
of G and therefore [N(xo, H)] contains a triangle. Thus, G contains + 1 vertex-disjoint 
triangles, a contradiction. This completes the proof. 
Note that as r (3 ,3)=6,  h(3,3,k)~< 18(k -  1). With more careful consideration, this 
upper bound can be significantly improved. However, we have h(3, 3, k) >I 6 (k -  1 ) since 
the union of k -  1 vertex-disjoint wheels of order 6 does not contain k vertex-disjoint 
triangles. A wheel of order n/> 4 is obtained from a cycle of length n - 1 by adding 
a new vertex to it such that the new vertex is adjacent to every vertex of the cycle. 
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